Lecture 8. Numerical Approximation: Euler’'s Method

In this section, we will talk about a numerical procedure for solving ordinary differential equations with a given
initial value, which is called Euler method.

Let's look at an example.

d
Example 1 % =y+1, y(0)=1 (1)

This is a seprable differential equation which we know how to solve. In practice, we will be given more
complicated functions f(z,y) in a more genal form:
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Using the method of solving separable equations (Section 1.4), we know the solution of Eq. (1) is
y(z) = 2e® — 1. 'l leave this as an exercise for you to check.

Now, let's "pretend" that we don't know how the solution curve look like.

How do we approximate the solution curve with the information given in Eq. (1)? &)
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Let h = 0.4 (step size). We compute the following table:
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Table 1
Tn=2n1+h Yo =Un-1+h: f(@n-1,Yn-1) (Zn)Yn)

n=0 2o =0 yo=1 (0,1)
n=1 1 =xz0+h=04 vi=y% +h-(yo+1)=1+04-2=1.8 (0.4,1.8)
n=2 zy=z+h=08 yo=v1+h-(y1+1)=18+04-28=292 (0.8,2.92)
n=3 T3=x9+h=12 y3 =y2 +h-(y2 + 1) = 4.488 (1.2,4.488)
n=4 zy=z3+h=16 Yys=y3+h-(ys+1) = 6.6832 (1.6, 6.6832)
n=>5 o5 =x4+h =2 Ys = Y4+ h - (ys+ 1) = 9.75648 (2,9.75648)

Then we plot those points on the zy-plane and connect them as those red straight lines.
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Exact Solution
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How do we increase the accuracy of this approximation?

Let's try smaller step size h = 0.2, and compute the points similar to Table 1. We have the following points:
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Algorithm The Euler Method

Given the initial value problem

d
d_z - f(may)a y(mO) = Yo,

Euler's method with step size h constists of applying the iterative formula )(m_‘ = 7(“ + k

Yntl =Yn + h- f(wnvyn) (n > O)

to calculate sucessive approximations Y1, Y2, ¥s, - - - to the [true] values y(z1), y(z2), y(z3), - - - of the [exact]
solution y = y(z) at the points &1, 2, T3, - - - , respectively.

Example 2 The exact solution y(x) is given for the inital value problem. Apply Euler's method twice to
approximate to this solution on the interval [0, %] first with step size h = 0.25, then with step size h = 0.1.
Compare the three-decimal-place values of the two approximations at x = L with the value y(%) of the
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Exercise 3. Consider the differential equationy’ = —x — v.
(1) Use Euler's method with Az = 0.1 to estimate y when = 1.4 for the solution curve satisfying y(1) =1
(2) Use Euler's method with Az = 0.1 to estimate y when & = 2.4 for the solution curve satisfying y(1) = 0.

Solutions.
(1) Euler's method fory’ = —x — ywith y(1) = 1 with h = Az = 0.1 gives:

Tn=12Tn1+h Yn = Yn-1+ k- f(Tn-1,Yn-1)
n=20 g =1 yo=1
n=1 Ti=z9+h=11 y1=y +h - (—zo—y)=1+0.1-(—2)=0.8
n=2 zo=z1+h=12 yo=y1+h-(—z1—y1) =08+0.1-(—-1.1—-0.8) = 0.61
n=3 z3=z3+h=13 Ys =ys+ h-(—zs—y2) = 0.61+ 0.1+ (—1.2 — 0.61) = 0.429
n=4 zi=z3+h=14 Yo =ys+h-(—z3 —ys) = 0.429 + 0.1 - (—1.3 — 0.429) = 0.2561

Soy(1.4) ~ 0.2561.

(2) Similarly, Euler's method for y’ = —z — ywith y(1) = 0 with h = Az = 0.1 gives:

Tp=2Tp1+h Yn =Yn1+h- f(@Tn1,Yn 1)
n = z9=1 yo=0
n=1 zy=xo+h=11 y1=yo+h-(—zop— 1) =0+0.1-(-1) =—-0.1
n= Ty =z +h=12 yo=y1+h-(—z1—y1)=-01+0.1-(-1.1+0.1)=—-0.1—-0.1=—0.2
n=3 z3=1x9+h =13 ys=y2+h-(—z2—y2)=-02+0.1-(-1.2+0.2) = -0.2—-0.1=-0.3
n=4 zy==z3+h=14 ys=ys+h-(—z3—y3) =—-03+01-(-1.3+0.3)=-03-0.1=-04

We note that this is proceeding linearly, because the slope is constant (we always have
h- f(.’l,'nfl, ’ynfl) = —0.1. )

Thus we have y(2.4) = —1.4 (= h - (steps needed to get to 2.4) = 0.1 x —14)

In this case the Euler approximation is exact, because our initial condition happens to lie on a linear solution to
the differential equation. In fact, the solution to the initial value problem 3/ = —x — ywith y(1) = 0is
y(x) = 1 — x (try to solve it as a linear 1st order equation).



